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Attempt all questions

1. State whether the following are true or false and justify your answers.

a) IR[x, y] is an Euclidean domain. [3 marks]

b) x2 + y2 + 1 is irreducible in |Q[x, y]. [3 marks]

c) ZZ[x]/(2x− 6, x− 10) is an integral domain. [4 marks]

2. Let k be a field and let A = k[x, y, z]/(xy − z2) where x, y, z are vari-
ables. Let x̄, ȳ, z̄ denote the images of x, y, z respectively in A. Prove
that the ideal I = (x̄, z̄) is a prime ideal of A. [10 marks]

3. Let A be a commutative ring with identity and let M be a maximal
ideal of A such that every element of the form 1 + x for x ∈ M is a
unit in A. Show that M is the unique maximal ideal of A (i.e.(A,M)
is a local ring). [10 marks

4. Let m and n be two integers. Prove that their greatest common divisor
in ZZ is the same as their greatest common divisor ZZ[i]. [10 marks]

5. Prove that xn + xn−1 + . . . + x2 + x + 1 is irreducible over ZZ, if and
only if, n is a prime. [10 marks]
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